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Abstract. We report a theoretical investigation on the frequency-dependent small-signal
mobility in the vertical conduction in the presence of a pC bias electri¢ field for cylindrically
confined superlattices having transverse diameters ranging from that for an extremely confined
(purely one-dimensional) limit to that for an almost unconfined system. In ail the cases the
differential mobility exhibits peculiar frequency dependence at finite bC bias: the real part
shows a broad hump before finally approaching zero at high frequency, and the imaginary part
experiences a marked dip to negative values before going through the conventional maximum.
Such behaviour of the frequency-dependent differential mobility stems from a decrease of the
average inverse effective mass of carriers in conjunction with an increase of their average
longitudinal energy, and is characterized approximately by a momentum and an energy relaxation
time. It is found that the effective energy relaxation time increases significantly with increase
of the transverse diameter of the superlattice.

1. Introduction

Negative differential mobility (NDM) in superlattice vertical transport, predicted more than
twenty years ago by Esaki and Tsu [1], have been demonstrated experimentally [2-4].
Recent optical and coherent electromagnetic radiation measurements [5, 6] have further
indicated Bloch oscillations at low temperature in superlattices with dilute carriers. These
developments have not only stimulated extensive studies on the physics of these Bragg-
diffraction-refated phenomena [7-14] but have also introduced the prospect of developing
superlattice-based microwave devices [15-17). Although the occurrence of an oscillatory
current response at Bloch frequency in high-carrier-density systems remains controversial
[18), the use of a superlattice in a Gunn-like microwave device seems promising if miniband
NDM can persist at sufficiently high frequency. However, the fact that Bloch miniband NbM
is manifested in the drift velocity versus electric field curve under steady-state DC transport
carries no assurance that it will be sustained under dynamic conditions. An early Monte
Carlo study [19] seemed to indicate that NDM might persist almost up to the Bloch frequency
when carrier—carrier scatterings are negligible. High carrier density and room temperature
conditions are desirable for practical use of a superlattice, while strong carrier—carrier and
carrier—phonon scatterings, together with the transverse motion of the carriers, may suppress
the coherent Bloch oscillations [18] and destroy NDM at high frequency. Recent calculations
of high-frequency small-signal response in three-dimensional (unconfined) superlattices with
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strong intercarrier scattering [20] indicate that differential mobility can be negative only up
to a frequency lower than 100 GHz. For a confined system this frequency can be several
times higher. This, together with the feasibility of reducing the heating level, makes confined
superlattices advantageous for working on a NDM-related, high-frequency device.

We report here a theoretical investigation on the frequency dependence of the carrier drift
velocity in miniband conduction responding to a smali-signal AC electric field superimposed
on a DC bias, for cylindrically confined superlattices having transverse diameters ranging
from that of the extremely confined (purely one-dimensional) limit to that of the almost
unconfined superlattice. We employ the balance equation theory for arbitrary energy bands
[21], which is a non-parabolic extension of the Lei-Ting theory [22]. It has been used to
discuss steady-state and transient transport in superlattice minibands with much success.
This theory facilitates numerical calculation for an arbitrarily non-parabolic system while
the role of electron heating, carrier statistics and realistic scattering mechanisms are all
included. In the pure cne-dimensional (1D) Hmit the balance equations reduce to those
of Ignatov et @l [11, 12] if the constant-relaxation-time approximation is assumed for the
frictional acceleration and electron energy-loss rate. Under this approximation one can
obtain the explicit analytical expression for the complex high-frequency mobility and gain
physical insight into its peculiar frequency dependence more easily.

2. Equations for small-signal response

We consider a model superlattice system in which electrons can move along the z direction
through the {lowest) miniband formed by the periodic potential wells and barxiers of finite
height. In the transverse (x-y) plane electrons either move freely in both the x and y
directions (3D superlattice or unconfined superlattice) or are confined to a region by an
infinitely high potential wall (1D superlattice or 2D confined superlattice).

The electron energy dispersion can be written as the sum of a transverse-motion energy
&q; and a tight-binding-type miniband energy &(k;) related to the longitudinal motion:

Eny (k) = &ny + (k) ¢3
with
A
glk;) = ~2—(1 — cosk,d) (2)

where d is the superlattice period along the z direction, —n/d < k; € ®/d, and A is the
miniband width. The electron transverse state and its energy are described by the transverse
quantum number ny. They should be specified separately for 1D and 3D superlattices.

According to the non-parabolic balance equation theory developed by the author [21],
when a time-dependent but spatially uniform electric field E(¢) is applied along the z
direction of the superlattice, the transport state is described by the centre-of-mass (CM)
momentum Py = Npyg (N is the total nurober of carriers) and the relative electron
temperature T, which are time-dependent parameters. The balance equations can be written
as

%‘_’t‘_‘ = eE/m? + A + Ap 3)
dk,
- = eEvy ~W. 4
Here
2 de(ky)
V= > —dk_,_zf (eny(kz ~ pa), Te) 5)

Ry, ke
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is the centre-of-mass velocity, or the average drift velocity of the carrier in the z direction,
1 2 d2e(k,)

— == k, — T,
m; N = dkg f(gﬂ“( 4 pd)s e) (6)
is the averaged inverse effective mass of the CM, and '
2
he= =3~ emke) feny (e = pa), o) Q)
ks

is the average electron engrgy per carrier. In these equations

fle, T} = {expl(e — )/ T] + 117"
stands for the Fermi distribution function at the electron temperature T, and p is the
chemical potential determined by the condition that the total number of electrons equals N:
N=23" flenk). o). ®
n{llkl

The expressions for the impurity- and phonon-induced frictional accelerations, A; and A,
and the erergy transfer rate from the electron system to the phonon system, W, have been
given in {7] and [10] respectively for 3D and 1D superlattices, together with the form factors
due to longitudinal and transverse wavefunctions.

With the miniband energy dispersion of (1), the average electron energy is the sum of
an average transverse energy

2
& =25 D o fen ke — Pa), T2) ©)

ulskz

and an average longitudinal energy ¢,

2
&= D ek} flemy (ke — pa), Te) = (A/2)[1 — (T cos(za)]. (10)

ny,kz

The drift velocity is given by

Vg = Upmet(T2) $inzq) 7 (1
and the ensemble-averaged inverse effective mass turns out to be a function of €, only:

m; =my () = M* /(1 —2¢,/A). (12)
Hete vy, = Ad/f2, 1/M* = Ad?/2, and

2
o(T) = Fv-’:;jhcos(kzd)f(enu k), T) (13)

is a function of T, independent of z4 = ped.
Consider that a DC bias electric field Eg and a small-signal AC electric field § E of single

frequency @ are applied along the superiattice axis:

E(t) = Eg+ SE. (14)
After a transient process, the system reaches a steady state in which z4, T, can be written
in terms of a DC bias part and a small AC response: zq = Zg + 6z, T = Tp + 87, and all
other quantities in the balance equations can be expanded to linear order in the small AC
quantities about the bias point g9 and 7y. For zeroth order we have just the DC steady-state
equations:

0 = ed Egorg cos(zg) + 240/ (Ad) (15)
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0 = ed Egarg sin(zg) — 2Wo/A (16)

where we write ap = (7o), Ap = A{z0, To) and Wy = W(zp, Tp). These two equations
determine zg, Tp and thus the DC drift velocity at the the bias point: v = v, sinzg). The
equations for linear-order AC quantities are as follows:

d , d
g cos(zg)a(ﬁz) + o sm(zg)a(ST)

2
= edo c08(z0) 8 E + | —ed Eqeep sin(zg) + — Ef?_ 8z
Ad \ 3zy4

2 [04q
+ I:edEgoe(; cos(zg) + ~i ( 3T )] 5T (17

d d
o sin(zO)a(ﬁz) — [og cos(zo) ~ 2€1o/A] a(&T )

2 W,
= edog sin(ze) E 4 | ed Epeeg cos(zg) — — (—0) 8z
A Bz

. 2 /W,
+ [edan{) sinfzo) — - ( a:r:)] ST, (18)

Here we have used the symbols oy = da(7p)/dT. and Eﬁo = dey(zo, Ip)/dTe. This set of
equations linear in small AC quantities is conveniently solved for a single-frequency driving
field by using a complex form: §E = E;e™*'. For the AC steady state, §z and 8T oscillate
at the same single frequency: 8z = 217" and 8T = Te™, leading to an oscillating AC
drift velocity given by §v = v1e™, superposed on the Dc drift velocity, with

V] = Up [cxo cos(zo)z1 + o sin(zg)Tll . (19)
The complex frequency-dependent mobility is defined as

tto = n1/Er. (20)

3. Pure 1D case; relaxation time approximation

Considering the case in which the carriers are confined to very small dimensions in both
directions in the lateral plane (1D superlattice) such that they are frozen in the lowest lateral
subband, the balance equations (3) and (4) become

dvg/dt = eE/m}(e) + A @n
de, fdf = eEvqy — W. 22)
Equations (21) and {(22), in the constant-relaxation-time form, have been used by
Ignatov et al [11, 12] to discuss steady-state, transient and high-frequency transport in

the superlatiice miniband. The constant-relaxation-time approximation assumes that the
frictional acceleration A = A; + A is proportional to the drift velocity:

A= —uy/T (23)

(t is called the momentum relaxation time) and the energy transfer rate W is proportional
to the energy deviation from the equilibrium value er at the lattice temperature T in the
absernce of the electric field:

W={(¢ —e€r)/t (24)
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(1; is called the energy relaxation time). Here the equilibrium energy er, given by

o) . . :
=% D ek Fen, (k). T) = (A/2)[1 — x(T)] (25)
ny.k:
and is different from what was used by Ignatov ef af {11, 12]:
_A[ K@apD)
T=3 [1 Io(AJ2T ] ' ' (26)

If the electron system is in a non-degenerate limit, — /T 3> 1, the present e (equation (25))
reduces to Ignatov’s er (equation (26)). Unfortunately, in such a puarely one-dimensional
system the non-degenerate limit does not generally exist [10] no matter how high the
temperature is, except for in the case of very small electron density Nid ~ 0 such that
In(2/N1d — 1) >» 1. Therefore the expression (26) can only describe a very dilute electron
system at high temperatures. In general, it should be replaced by (25).

. When a DC bias electric field Eg and a small-Ac-signal electric field of single frequency,
S8E = Eje™® are applied, one can write vy = vp + v and €, = ¢y + 8¢, and balance
equations (21) and (22) yield a bias drift velocity vo given by

b

Vg = ZUPW (27)
where b = Ey/E,, with
E. = 1/[ed(zt.)"?] (28)
and
Ad {T\V?
UP = T f_e) CE(T) (29)

These expressions were given by Ignatov ef af [11, 12], except that there «(T") is replaced
by Li{(A/2T)/Ip{A /2T). The first order equations for small-signal response read

d du edE

= - _ 2 ’ ’ 3

I v+ T = mie) eEod” 8¢ (30)
5

9 e+ 25 e 8E + eEy bu. 31)

dt Te

The second term on the right-hand side of (30) comes from the fact that the increase in the
system internal energy, d¢, due to a small increment of the signal field results in a decrease in
the inverse effective mass. This effect has a profound influence on the differential mobility.
In fact, the above equations yield a differential mobility at frequency o of the form

et 1-0P(l—iwt)™!

= . 32
7 Heo mi(e) 1 — iwr + b3(1 — iwz,) ! @2)
The zero-frequency differential mobility is given by
1-5?
et (33)

Ho= m¥ (eg) 1 T b

The terms containing #* are related to the second term on the right-hand side of (30). We
can see that when a small AC field 8E is applied together with a finite DC bias Ep # @,
there are two influential effects. First, at finite bias field E, the inverse effective mass
1/m}(eo) is smaller than at zero bias, and it decreases monotonically with increasing Eg
because the average longitudinal energy e increases. However, since 1/m; (¢p), determined
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by the steady-state DC balance equations, is always positive, this effect, though tending to
decrease the differential mobility, cannot bring it into the negative regime. The cccurrence
of negative differential mobility devolves upon the fact that a positive 8 E induces a positive
d¢, as required by the energy balance equation, and this S¢ in turn results in an additional
negative change of the inverse effective mass, which contetbutes a negative term (the term
containing 52 in the numerator of (30)) to the differential mobility at a non-zero DC bias,
It is just this contribution that gives rise to negative differential mobility at low frequency
in superlattice miniband transport. This effect, which stems from the change of average
longitudinal energy with a small AC electric field signal, however, is frequency dependent.
At higher frequency, when de cannot synchronously follow 8E as in the zero-frequency
limit, this effect weakens and consequently Re tr,, may exhibit an increase with increasing
frequency at finite DC bias. Figure 1 shows the real part of 1, as a function of frequency at
bias DC field b = Ep/E. = 0, 0.1, 0.3, 0.5, 1, 1.7, 3, 5, 10 and 20, for the case of T, = 10r.
It is just this effect that gives rise to the humps in Re [, as a function of wt before it
finally vanishes at large wr. Without this effect (.e. & = 0 and thus ¢y = €r) i, will take
Drude form:

o= (34)
1—iwr
in which
et 1, .
1o(0) = ) = EAd eta(T) (35)

is the zero-frequency mobility at zero DC bias.

: By/B,=0
1.0 f Te=101
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Figure 1. The real part of the frequency-dependent mobility p,,, as predicted by (32) in the
case of vy = 107, is shown as a function of ot for different bias pc ficlds.
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4. 3D systems; realistic scatterings

Apparently, the constant-relaxation-time approximation for the frictional acceleration A
and the energy-loss rate W is difficult to justify for a real system. To go beyond this
approximation and to take account of the realistic impurity and phonon scatterings, we
return to (15) and (16), and (17) and (18). We consider a cylindrically confined GaAs-
based quantum well superlattice, in which electrons are assumed to be confined to a small
cylindrical region of diameter &, by an infinitely high potential wall. The transverse quantum
number np = (,r) { = 1,2,... and n = 0, £1,£2, .. ), and the transverse energy of the
electron state is given by

&ny = 20x7)*/(md}) (36

where m is the electron band effective mass of the background bulk material, and xJ
represents the Ith zero of the nth-order Bessel function, ie. J,(xf) =0.

We include electron scatterings from randomly distributed impurities, longitudinal and
transverse acoustic phonons (through deformation potential and piezoelectric couplings with
electrons) and polar optic phonons {through Frohlich coupling with electrons). The detailed
description of these couplings and the form factors appearing in the expressions for A and
W has been given elsewhere [10]. All the parameters used in the calculations are typical
values of GaAs.

For extremely confined systems, e.g. for 4, € 10nm, it is a good approximation
to consider the lowest subband and we have a purely 1D system. The term containing
the transverse energy Eﬁo in (18) disappears and (15)«(18) are readily solved to obtain
the complex frequency-dependent mobility, limited by realistic scatterings. The numerical
results for both Re,, and Im g, are qualitatively quite similar to those obtained from
purely 1D equations with the relaxation time approximation.

With increasing cylindrical diameter of the 1D superlattice, the influence of the carrier
transverse movement begins to emerge, and the occupation of many subbands has to be taken
into account. To see how the cylindrical diameter affects the frequency-dependent mobility,
we have calculated the real part Rep, and the imaginary part Im g, of the frequency-
dependent differential mobility w, from equations (15) to (18) at lattice temperature
T = 300K, for several superlattices having period d = 10 nm, miniband width A = 900K,
and low-temperature linear mobility £(0) = 1.0m? V-! s~!, but with cylindrical diameter
d, varying from 20nm to 40 nm, and carrier line density Nid equal to nd(d2/4), which
is chosen separately for each d, such that the equivalent 3D densities # are kept the same,
n =6.75x10% m®, for all systems. As many as 21 transverse subbands are considered in the
calculation. To save space we only plot the numerical results for the system. of 4, = 40nm
in figure 2. The linear mobility of this system is 0.545m? V-1 57! at T = 300 K. If one
still tries to characterize the frequency dependence of y,, qualitatively in terms of the above
two-relaxation-time model as given by (32), the main effect of increasing the transverse
diameter from d, = 10nm to 4, = 40nm appears to be the increase in the effective energy
relaxation time 7;: approximately 0.35ps for the d, = 10nm system and 2.3 ps for the
d, = 40nm system. The effective momentum relaxation time 7 also changes from about
0.08 ps for the d, = 10nm system to about 0.15ps for the d, = 40nm system.

5. Discussion

We have presented a theoretical investigation on the high-frequency small-signal mobility
in the presence of a DC bias for laterally confined superlattices. To concentrate on the pure
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Figure 2. The real part, Re,, and the imaginary part, Imu,,, of the frequency-dependent
mobility are plotted against the signal frequency v = w/27 at several different p¢ bias fields £g
and at lattice temperature T = 300K, for a GaAs-based cylindrically confined superlattice with
traverse diameter , = 40nm, period = 10nm, miniband width A = 900K, electron density
Nid = 8.48 and low-temperature linear p¢ mobility p(0) = 1.0m? V—! 57!, The numerical
calculations were carried using (15)~(18), considering the 21 lowest transverse subbands.

superlattice effect we have used an idealized mode} without intersubband (Zener) tunnelling,
intervalley (I"—X) scattering, higher miniband occupation, and many other processes that
may occur in actual systems. Such an idealized model does represent the main physics of an
experimentally catefully devised system under appropriate conditions. The present balance
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equation analysis provided a physical insight into the NDM for high frequency and allowed
us to calculate the frequency-dependent current response of the system, without considering
the spatial inhomogeneity. Exploring the formation and the motion of electron wave packets
or domains from a space- and time-dependent set of equations is, of course, highly desirable
and will be the subject of a future study. Nevertheless, the present homogeneous treatment
sets an upper limit for the frequency attainable in a superlattice-based NDM device and
constitutes a first step toward an inhomogeneous analysis.
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